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Ž .In 1988, J. Bernstein and V. Lunts Inent. Math. 94, 223243 proved that a
generic surface in 3 of degree 4 or greater would not contain a curve which
supported a module over the second Weyl algebra. It is known that quadric
surfaces and planes always do. This paper shows that a generic cubic surface does
not.  2001 Academic Press
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INTRODUCTION
Ž n.Let DD  be the nth Weyl algebra, i.e., the algebra of polynomial
differential operators on  n. As an algebra, D is generated by the symbols
y , y , . . . , y ,  ,  , . . . ,  subject to the relations y y  y y ,      ,1 2 n 1 2 n i j j i i j j i
and  y  y    where  is the Kroenecker delta.i j j i i j i j
The degree of a monomial in D is the sum of the powers of all y ’s andi
 ’s appearing within it. This gives rise to a filtration D D D  i 0 1 2
of D, called the Bernstein filtration, where each D is the set of alln
elements of D which may be written with monomials of degree n or less.
Ž .The associated graded algebra of D is the algebra D  D D 0 1 0
Ž .  D D   . It is isomorphic to  x , x , . . . , x , and so it is com-2 1 0 1 2 n1
mutative. The symbol map is the natural map  : D . It associates to
each operator of D a homogeneous polynomial in . It will be convenient
 to use the isomorphism between  and  x , x , . . . , x which identi-0 1 2 n1
Ž . Ž .fies  y with x and   with x .i 2 i2 i 2 i1
1Special thanks go to the Tata Institute of Fundamental Research.
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Through the symbol map a differential operator in D determines a
hypersurface in 2 n1. This leads us to one of the most important
invariants of modules over D. To a module M we can associate a
projective variety V determined by the symbols of all the differential
operators which annihilate M. We call V the characteristic ariety of M,
and we say that M is supported on V.
It is not difficult to find D-modules supported on 2 n1 or on a given
2 n1  hypersurface in  . Furthermore, from a result of Bernstein 2 , a
variety in 2 n1 whose codimension is greater than n cannot be the
characteristic variety of a D-module. Although there are no known neces-
sary and sufficient conditions we might place on a projective variety to
determine whether it is a characteristic variety, the symplectic geometry of
2 n provides us with a necessary condition.
Consider the skew-symmetric form on 2 n given by the diagonal matrix
of 2 2 blocks,
J 0  0
0 J  0 0 1. . . . where J .. . . . 1 0. . . .
0 0  J
This induces a skew-symmetric form
 dx 	 dx 
 dx 	 dx 
 
dx 	 dx0 1 2 3 2 n2 2 n1
on the tangent space of 2 n. For a fixed p2 n, we say that a subspace
	 of T 2 n is coisotropic if 	 	 where the perpendicular is taken withp
respect to  . A subvariety W of 2 n is said to be inolutie if and only ifp
for each nonsingular pW, the tangent space T W is coisotropic. Ap
projective variety in 2 n1 is involutive if and only if its affine cone is an
2 n  involutive subvariety of  . In 4 , Gabber proved that characteristic
varieties of D-modules are involutive.
The identification of involutive subvarieties of 2 n1 is trivial for n 1,
so we will focus first on the case n 2. From codimension considerations,
nontrivial involutive varieties are either curves or surfaces. Every surface
in 3 is involutive, but involutive curves are rare. They are easily found in
planes and quadrics but are seldom found in cubics and higher degree
 surfaces. Bernstein and Lunts in 3 make this statement precise for
surfaces of degree k 4:
Ž .THEOREM BernsteinLunts . If P  is a generic polynomial of degree
Ž .k 4 in the sense described below , then each operator dD with symbol
Ž . d  P generates a maximal left ideal in D.
The intent of this paper is to prove the same fact for k 3.
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Remark. In this theorem, Bernstein and Lunts use the term generic to
mean that P is outside of a certain countable union of proper subvarieties
of the parameter space of all polynomials of degree k. In this paper, any
generic polynomial P  will be generic in this sense. Otherwise, a
generic object will always refer to an object outside of a certain proper
subvariety of the appropriate parameter space.
0
The hypothesis k 4 ensures that the following assumptions hold for
generic P of degree k:
 4 31. Any curve contained in the surface P 0  is defined
scheme-theoretically by a homogeneous function Q on 4.
 42. If C is an involutive curve in the surface P 0 , then at any
 4point p in C, C is a divisor of P 0 with normal crossings.
The conclusion rests on these assumptions; however, Assumption 1 is too
strong. Bernstein and Lunts immediately apply Assumption 1 to an involu-
tive curve, so the weaker assumption that
 41
. any inolutie curve contained in the surface P 0 is defined
scheme-theoretically by a homogeneous function Q on 4
will certainly prove their theorem.
This permits an improvement. Bernstein and Lunts show that Assump-
tion 2 holds for generic P of degree k 3; they require k 4 only to
prove Assumption 1. In this paper, I will show that Assumption 1
 holds
for generic P of degree k  3. Hence, the hypothesis of the
BernsteinLunts Theorem can be weakened to k 3.
As a polynomial of degree k which is generic in the sense of Bernstein
and Lunts will be generic in the usual sense, Assumption 1
 follows from
our
Main Theorem. An involutive curve in a generic cubic surface is a
scheme-theoretic complete intersection.
We prove this in a series of steps. In Section 1, a few preliminary results
and characterizations of involutivity for curves are established. Then, in
Section 2, supposing each cubic surface contains an irreducible involutive
Ž .curve, the existence of a family of reduced involutive curves such that
each generic cubic surface contains at least one member from this family is
proved. Finally, in Section 3, a member of this family is shown to be a
complete intersection. Section 4 contains a sketch of how one would apply
this result to higher dimensional Weyl algebras.
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1
Ž .The Grassmann Variety  1, 3 is the variety which parametrizes projec-
tive lines in 3. We can describe it explicitly as follows: The coordinates
4 Ž 2 4.e , e , e , e on  induce coordinates a , a , a , a , a , a on  	 0 1 2 3 01 02 03 12 13 23
called Plucker coordinates. For example, the Plucker coordinates for a line¨ ¨
    3spanned by p : p : p : p and q : q : q : q in  are a  p q 0 1 2 3 0 1 2 3 i j i j
Ž 2 4.q p . The Grassmann variety is the quadric hypersurface of  	  ,i j
 4 1, 3  a a  a a 
 a a  0 .Ž . 01 23 02 13 03 12
It is smooth, projective, and of dimension 4.
With Plucker coordinates, we may also describe the involutive curves¨
in 3.
PROPOSITION 1. The following conditions on a cure C in 3 are equia-
lent:
1. C is inolutie,
Ž .2. the dual cure of C in  1, 3 , i.e., the cure of all tangent lines to C,
 4 Ž .is contained in the hyperplane section a 
 a  0 of  1, 3 .01 23
Ž . 4Proof. Let p p , p , p , p  be a smooth point in the affine0 1 2 3
˜ 3  cone C over C, and let L be a line in  tangent to C at p . Let
Ž .    q q , q , q , q be a point distinct from p such that p and q0 1 2 3
Ž . Ž .determine L. Then a L  p q  p q and a L  p q  p q . Since01 0 1 1 0 23 2 3 3 2
˜the affine cone C of C is homogeneous, the tangent space at p will
Ž . Ž .contain the vectors pÝ p  x and qÝq  x . We havei i i i
 p, q  p q  p q 
 p q  p q  a 
 a .Ž .p 0 1 1 0 2 3 3 2 01 23
Hence 1 is equivalent to 2.
From the second characterization, two things follow:
COROLLARY. The property of inolutiity imposes a closed condition on
cures.
COROLLARY. The union of two inolutie cures is an inolutie cure.
In order to describe a more subtle consequence of involutivity, we
require the following
˜DEFINITION. Let S be a surface and let S be the affine cone over S.
˜Then S can be realized as the zero locus of some homogeneous regular
˜function f. The Hamiltonian of S is the vector-field
df  df  df  df 
h  
  .
dx  x dx  x dx  x dx  x1 0 0 1 3 2 2 3
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˜PROPOSITION 2. If C is an inolutie cure in S, then the affine cone C
oer C is tangent to h.
˜ ˜ ˜Proof. Let p be a point of C. Because C is contained in S, the
differential




 dx0 1 2 3dx dx dx dx0 1 2 3
˜ Ž .vanishes on the tangent space of C at p. But df   , h , so hp p
˜ ˜Ž .T C . Since C is involutive, h T C, and the proposition holds.p p
2
Suppose that each cubic surface in 3 contains some irreducible alge-
braic involutive curve. Let S be the space of all cubic surfaces in 3. Let
 be a Hilbert polynomial, and let H be the Hilbert scheme of curves in
3 with Hilbert polynomial . Then we can construct the incidence
correspondence
Y  s, c  S H   is the Hilbert polynomial of c, and c isŽ . 
an irreducible algebraic involutive curve in s .4
ˆLet Y be the closure of Y in S H .  
ˆ By Section 2.2 of 5 , Y is a closed subscheme of the complete
projective scheme S H , and so it is complete. We have, naturally, the
ˆ ˆprojective map Y  S , the image of which we will call S . Since each Y  
is complete, each S is closed. There are a countable number of S ’s 
which together cover an open subvariety of S , so there is some  such0
that S covers that open subvariety and hence S itself. Since Y is 0 0ˆdense in Y , the projection map Y  S is dominant. Now let YY  0 0 0
and H H . Replacing Y by a component of Y which dominates S if0
necessary, we may suppose that Y is irreducible.
PROPOSITION 3. If each cubic surface s contains an irreducible algebraic
inolutie cure, then there is an open dense subariety V S and a family
X3  V flat oer V such that, for each s V, X is an inolutie cures
contained in s.
Proof. The search for V naturally starts with Y .
CLAIM. There is some subariety DY such that the projection map
D S is dominant and generically finite.
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Proof. Since Y is irreducible, the image of the projection map  :2
Y H is also irreducible. By the upper semicontinuity of dimension, there
Ž .is some open dense T  Y such that all fibers of  over T have the2 2
same dimension. Let e dim Y dim S , and let U be a pure codimen-
1Ž .sion e subvariety of T. Then D  U has pure codimension e.2
Ž . Ž . Ž .Let f be the codimension of  D in S . Then  D   D1 1 2
contains D and has codimension e
 f in S T. Hence, f 0 and  :1
D S is dominant. Since D and S have the same dimension, namely
dim Y e, the projection  : D S is generically finite.1
Without loss of generality, we may assume that D is irreducible. Since
 : D S is dominant and generically finite, and since S is irreducible,1
there is an open dense subvariety W of S such that the projection map
D W is finite and unramified. Let d be the degree of this map.W
Let X be the incidence correspondence for D ,W
3 X p , s, c   S H p c and s, c D .Ž . Ž . 4W
Let X be the image of X under projection to 3  S . Since D is finiteW
over S , for any s S , the fiber X 3 is the union of at most ds
involutive curves. Hence it is an involutive curve by the second corollary to
Proposition 1.
Ž .We constructed Y from points s, c where c corresponded to an
Ž . Ž .irreducible curve. Hence, for any two s, c and s, c
 in the fiber D , thes
curves c and c
 meet in only finitely many points. It follows that, for any s
in W, the map X  X is one-to-one at all but finitely many points.s s
Let Z X be the set of all points whose preimage in X contains more
than one point, and let Z be the set of all points in X which map to Z.
Then both of the projections ZW and ZW are finite maps. Let V
be the open dense set in W over which both maps are unramified. Then
there is a constant k such that for each s V, kZ Z , thes s
difference in the cardinalities of the fibers. It follows that for each s V,
the curve X has Hilbert polynomial d k. Since all fibers of the maps
X  V have the same Hilbert polynomial, X is flat over V.V V
Remark. Without loss of generality, we may assume that each point in
V represents a nonsingular cubic surface in 3.
3
Let us now focus our attention on the variety S whose points corre-0
spond to the nonsingular cubic surfaces in 3. Let s be the smooth cubic
surface in 3 corresponding to a point s S .0
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DEFINITION. Then there is a well-defined homomorphism of the funda-
Ž . Ž 2Ž ..mental group  S , s Aut H s, . The image of this map, , is1 0
called the monodromy group of the universal family of cubic surfaces in 3.
Ž .Let us recall the structure of the Picard group Pic s of the cubic surface
s. Every smooth cubic surface contains exactly 27 lines in certain incidence
relations to one another. In particular, there are 72 sets of six disjoint
lines. Let us fix one such set E , E , . . . , E . The cubic surface minus these1 2 6
six lines is isomorphic to 2 with six points deleted. Let L denote the
pullback in s of a generic line in 2 under this isomorphism. The divisor
      Ž .classes E , . . . , E , L generate the free abelian group Pic s . More-1 6
Ž .over, there is a symmetric bilinear intersection form on Pic s denoted 
such that
   1. L  L  1,
   2. L  E  0, andi
   3. E  E  .i j i j
LEMMA. The monodromy group acts on the Picard group.
1Ž .Proof. By the Lefschetz hyperplane theorem, H s, O  0. Since thes
2Ž .canonical divisor of a cubic surface is negative, by Serre Duality H s, Os
 0. Hence, the short exact sequence
0  O  O 0s s
1 2Ž . Ž . Ž .gives us the isomorphism Pic s H s, O H s, .s
Ž    . Ž .This action is well understood see 1 and 6 . To each loop in  S , s1 0
Ž Ž ..we associate the permutation in Aut Pic s of the classes of the 27 lines
induced by the moving of the surface around the loop. It follows that 
acts trivially on the class of the hyperplane section of s and acts transitively
on the classes of the 27 lines. Furthermore,  preserves the intersection
pairing of divisors on s.
We are now ready to prove
PROPOSITION 4. If X is a family of cures, flat oer an open U S and0
such that each X  s, then each X is a complete intersection.s s
 Proof. Consider the class X of the curve in the Picard group. Wes
 may thus express X ass
             X  X  L L  X  E E .Ž . Ž .Ýs s s i i
It is clear that, because X is the fiber of a flat family over U, thes
Ž .  fundamental group  U, s acts on X as an automorphism. That is, X1 s s
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Ž .is stabilized by this group. But this group acts on Pic s via the epimor-
Ž . Ž .phism of fundamental groups  U, s   S , s induced by inclusion.1 1 0
 Hence  stabilizes X .s
 Since  acts transitively on the E ’s, the intersection pairing ofi
     X  E  X  E .s i s j
Ž .      One of the 21 other lines in s is represented in Pic s by L  E  E .1 2
 Since this is in the orbit of E under ,1
           X  L  E  E  X  E .Ž .s 1 2 s 1
       Hence X  L  3 X  E .s s 1
It follows that
         X  X  E 3 L  EŽ .Ýs s 1 i
which is a multiple of the class of the hyperplane section. The result
follows.
We now apply this to our family of involutive curves. Since X is as
complete intersection, it is defined on s by a single homogeneous polyno-
mial. With Assumption 1
 satisfied, the proof of the Main Theorem is now
complete.
4
We will now generalize our result to the higher Weyl algebras. Let
n 2. We can define the Hamiltonian vector-field on 2 n corresponding
 4 2 n1to the hypersurface f 0 in  to be




dx  x dx  x dx  x dx  x1 0 0 1 2 n1 2 n2 2 n2 2 n1
We have
 4PROPOSITION 5. If V f 0 is inolutie then the Hamiltonian h is
˜ 2 ntangent to V .
˜ 2 nProof. Let p V be non-singular and   T  . Thenp
df    h p ,  .Ž . Ž .Ž .p p
˜ Ž . Ž .Since V is involutive, if we choose   T V , then we have df   0.p p
˜ Ž . Ž .Hence h p is perpendicular to T V . Since  is nondegenerate,p
˜ ˜ ˜Ž .h p  T V. Since this is true for each p V, h is tangent to V.p
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 In 5 , Lunts proves
Ž .THEOREM Lunts . Let k 4. Then for generic P  of degree k, the
Ž . 2 n1only projectie algebraic subarieties of  presered by the Hamilto-
 4nian h of P are P 0 and a finite number of isolated singular points of h .P
The proof is somewhat technical. For an arbitrary k 4 it is proved by
induction on n using the BernsteinLunts Theorem as its base case.
Hence we can rewrite it as
THEOREM. Let k 3. Then for generic P  of degree k the only
Ž . 2 n1projectie algebraic subarieties of  presered by the Hamiltonian h of
 4P are P 0 and a finite number of isolated singular points of h .P
Hence, for any n 2 we have
THEOREM. If P  is a generic polynomial of degree k 3, and dD
Ž .is an operator with symbol  d  P, then d generates a maximal left ideal
in D.
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